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Abstract: These instructions provide you guidelines for preparing
papers for International Journal. Use this documentas atemplateand 2 Preliminaries
as an instruction set. This paper is concerned with the impulsive
stabilization problems for two kinds of 3th-order delay differential
equations. By the method of Lyapunov function, we prove that the  \We consider the following two equations with impulses:
non-impulsive equations can be stabilized by the proper impulse X"(t) + c()X"(1) + bOX (1) + a)x(t—7) =0, t2t; t=#t, k=12
control. Our results has improved and extended some results. We XO=0() t-r<t<t: X{)=yo X()=z
also give examples to illustrate the efficiency of our results. R 0/

() =1 (xt)), X(t) =3, (Xt x')=U (X)) (1)

Keywords:Third-order differential equation; Impulsive and

stabilization; Delay; Lyapunov function ;
X"(t) +c(t)x"(t) +b(t)x'(t) +J.He(t —u)x(u)du=0, txt; t=t, k=12.- (2)

x)=p), L-rSt<t; X)) =Y, X'()=12
1. Introduction X(t) =1 (), X(t) =3 (X)), X'(t)=U.(X'(t))

When you submit your paper print it in two-column format, ~ With the following assumptions:
including figures and tables. In addition, designate one author ~ (H,) 7 >0, x(t): [to — z-,+oo] —->R;
as the “corresponding author”. This is the author to whom " , i
proofs of the paper will be sent. Proofs are sent to the (Hy) X'(t),X(t)denotes the right

corresponding author only. Third-order differential equation; derivative of x’(t), X(t), and
Impulsive stabilization; Delay; Lyapunov function Recently, ,

the problem of impulsive stabilization for differential X'(t) = [X'(t)] . X(t) = lim x(t+h) —x(t) I
equations has attracted many authors’ attentions and some h—0 h

results have been published (see [1-10]). Impulses can make S . . - +
unstable systems stable. The problem of stabilizing the X(t) is piecewise CF)I’I'[II’IU-OUS, then X(S )a_nd_x(s )
solutions by imposing proper impulse control has been used in denote, respectively, its left and right limits ast
many fields such as physics, pharmacokinetics, tendtos;

biotechnology, economics, chemical technology. However  (H.,) gp:[to—r,to]—)R has at most finite discontinuity
some authors have researched the impulsive stabilization points of the first kind and is right continuous at these
problems for two kinds of 2th-order delay differential points;

equations in [1-5], they proved that it also can be made . .
exponentially continuous with respect to initial data by (H,) a(t),b(t),c(t) are continuous on [t, +20], e(t) is

impulses on some intervalt, . And the presented references  continuous on [0, r];

here ([7,8,10]) dealt with mostly the first-order delay (Hs) O<t1 <t, <. <t <t <o, Iimtk = 400,
differential equations (see[7]), In this paper , we consider k—oo
third-order delay differential equations and deal with more  withz <t , —t, < I, teN;

general equations, the results we prove here generalize recent

ones by Li and Weng [1]. This paper is about third-order (Hy) consider the impulses at timest, , k =1,2---

delay differential equations and deal with more general X(tk) = Ik(X(tI;))’ X'(tk) = ‘]k(x’(tk*)), X”(tk) :Uk(x”(t[):
equations. We also establish sufficient conditions for the
stability of solutions by imposing proper impulse control. Where I, J,,Uy :R— Rare
This paper is organized as follows. In Section 2, we establish continuous and I, (0) = J, (0) =U, (0) =0,k e N ;

third-order delay deferential equations. In Section 3, by using . . i o ]
Lyapunov function and analysis methods, we prove that the The-fgl!owmg deflnltlo-ns are slightly modified from [1]:

non-impulsive equations can be stabilized by the proper  Definition 2.1 A function X :[t, = 7,t, +7)—> R, & >0
impulse control. In Section 4, two examples are discussed to

illustrate the efficiency of the main results. Is a solution of equation (1)(0r(2)), though (. @, Yo, Zo) . if
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(i) X(t), X'(t), X" (t) are continuous on £
= exp|—a(t -t
[t t, + )\ it ke Z}; v1+ A7t olat-t)]
(if) ’ ” exp[~ L+ A+B+C)(t, —t,)]
X(t)=p(t), telty -7t} X(t) = Yo X'(t) = 2, We will prove that for each solution X(t; t,, @, Yy, Z,) of (1),
X(t) satisfies the first equality of (1)(or(2) on such that

[to,t0+a)\{tk,keZ}; ,/||¢;||2+y§+z§ <o

(i) x(t), X'(t), X"(t) all have two-side limits and right we have

continuous at pointt, , and X(t, ), X'(t, ), X"(t,) > ~ 3 )
satisfy JX®) + X2 (1) + X2 (1) < o[- alt—t,)]

the third equality of (1)(or(2)); [
Definition 2.2 The problem of equation (1)(or(2)) is said to
be exponentially stabilized by impulses, if there existax > 0,

Ifte [tk_l,'[k ), K € N, consider the Lyapunov functional

a sequence {tk }keN satifying [HS], and sequences of V(1) = X2 (t) + X% (t) + X" (t) + J;t, |a(s + z')|X2 (s)ds
continuous functions {I ‘ }, {Jk }, {Uk } such that for all and V (t) satisfies:
& >0, there exists © > 0, such that if a solution () V(t) = x3(t) + X2 (t) + X" (t);

Xt t,, o, V,,2,)of (1 2)) fulfills: r
(t;ty, @, Yo, Z,) of (1)(0r(2)) fulfills V(D) < XZ('[)+X'Z(t)+X"2(t)+||X||t2J.: |a(s)|ds

2 2 2
||(0|| +Yo+Z, <6 <X (t) + X2 (1) + X"2 () + AT||X|L2

Then
SO O 0 < coplatt—t)] < @+ AD) X+ X2 () +x2(1)] where
t>t,, X, = t Sggqu(S)l;
where [ (s)]| = sup [p(s) (i) V'(t) = 2X())X (1) + 2X (©)X"(t) + 2X" () X" (2)
T +lat+ 7)) - |a)|x (t-7)
3 Main Results = 2X(t)X'(t) + 2x'(t)x"(t)

+2xX" ([~ c(t)x"(t) —b(t)x'(t) —at)x(t — 7)]
First we consider system (1)

2 _ 20
Theorem 3.1. If there exist A>0, B>0, C >0, such that +|a(t * T)|X (O —faOx(t T)‘
la@®)| < A |ot)|<B, [c(t) <C,and < 2X(t)>f’(t) 3 2X (0" (t) + 20(t)x"”2(t)
Az <exp{—2(1+ A+B+C)r}, 3) +2b(t)X'(t)x"(t) +2a(t) x(t—7)x"(t)
The solution of system(1)can be exponentially stabilized by + |a(t + 2')|X2 ®- ‘a(t)x2 (t— z')‘

impulses. , , "
Proof. By (3) there exist & > 0and | > 7 such that < [X2 () +x Z(t)]Jr [X Z(t) +X Z(t)]
Az <ep|-2a(l +7)]exp[- 20+ A+B+C)I] (@) +2Cx"*(t)+ Blx2(t) + x"* (1))

Letx,| be as in (4). every sequence {tk }keN satisfying (Hg) — + A[X2 (t—7)+x" (t)]+ AXA(t)

witht, —t,_, <1, ke N, let <20+ A+B+O)X2(1) + x2(t) + X2(1)

1, (U)=J, (u)=U U)=du k=12 <[20+A+B+C)M (1)

P _As SolvingV'(t) <[2(1+ A+ B+C)M(t). we obtain
R V(1) <V (t,)ep[20+ A+ B+C)(t-t,)]
P, =& [_ 20(t,, —t + f)] (10) ifte [to,tl), Integrating the above inequality from t, to
exp[-2(1+ A+ B+C)(t,,, —t)] t,, we obtain
It is easy to verify thatd, <1, and X2 (1) + X2 (£) + X" (t) <V (1)
p + AT SV(to)(:")(p[z(]-"'A"'B"'C)(t1_to)]

d?+Ar= < Py
K T 5 Py < (1+ Az‘)l“X”tz0 + X'Z(to) + xng(to)J

Forevery g >0, let
exp [2(1+ A+B+C)(, —to)]
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<1+ A7)5%ep[2(L+ A+ B+C)(t, —t,)]

<&’ expl-2a(t, —t,)]
<g?exp[-2a(t-t,)]

Therefore
DE@+XP(1) +X2(1) < sop-alt—t,)]
te [to’t1)
Especially

sup [xz(t) +X2(t) + X" (t)] <&’

o[- 2a(t, ~t, 7))
( O) If t €[t,,t,). by the expression of V (t) , we have
X2 (1) + X2 (1) + X" (t) <V (1)
<V(t)exp[2(l+ A+ B+C)(t—t)]

<V (" )exp[2(1+ A+ B+C)(t, —t,)]
exp[2(1+ A+ B+C)(t, —t,)]

= {xz(tl) + X2 (L) + X" (L) + L ;|a(s + r)|x2(s)ds}
exp[2+ A+ B+C)(t, —t,)]
= {10 ) +3.0¢2 ) +U, (2 (1))
+ .[:_, la(s +7))x*(s) ds |
exp[2(1+ A+ B+C)(t, —t)]

= {dlz e (t)) + X2 (1) + x2 )|+ L t_r|a(s - r)|x2(s)ds}
exp[2+ A+ B+C)(t, —t,)]
<d? sup [X2(t)+x2(t)+ x"2(1)]

t—r<t<ty

exp[2(L+ A+ B+C)(t, -t,)]

+ sup X*(t)Azexp[2(1+ A+ B+C)(t, —t)]

t—r<t<t;

<(d?+ A7) sup [x2(t)+x2(t)+ x"2()]

t —r<t<t;
exp [2(l+ A+B+C)(t, —tl)]
<(d? + Ar)e?exp[-2a(t, —t, — 7)]
exp [2(l+ A+B+C)(t, —tl)]

By the definitions of d, and p, , we have
X2 (1) + X2 (1) + X" (t) <V (1)
<g’(d} + Ar)exp [— 20(t, —t, — r)]

exp[2(1+ A+B+C)(t, —t,)]

— (B A ep- 2a(t, 1, - )]

exp[2(1+ A+ B+C)(t, —t,)]
<&*pop[-2a(t,—t,—7)]
exp[2(1+ A+ B+C)(t, —t,)]
= &*ep[-2a(t, -t,)]
<g?exp[-2a(t-t,)]
We obtain fort e [ti,tz),

D) +X2() + X2 (1) < eexpl-alt—t,)]
(30) With analogous arguments,we can verify that for all
keN,te [tk_l,tk), k=12---, we have

D) +X2(1) + X2 (1) < eexpl-alt—t,)]
Hence

D) + X2 () + X2 () < eexpl-a(t—t,)],
t>t,,

The proof is complete.
Now we prove that the problem (2) can be exponentially
stabilized by impulses.

Theorem3.2 If there exist E >0, such that |e(t)| <E,and

%Erz <exp{-2(1+ A+B+E7)r}, ®)

The solution of system (2) can be exponentially stabilized by
impulses.

Proof. By (5), there existx > 0and | > 7, such that
%Erz <exp|-2a(l +7)|exp[- 21+ A+ B+E7)l] (6)

Letcr, | be as in (6). every sequence {tk }keN satisfying (H)
witht, —t, , <I, ke N, let

lLw=J,@u)=U,(u)=du k=12
a—lEﬁ
d = 2
k
2

P =€XP [_ 20ty —t + T)]

exp[-2(L+ A+B+E7)(t,.,, )]
It is easy to verify thatd, <1, and

1 pk+1ET2
aeles T2 cp
Foreverye >0, let

5= £

fexp[—a(q—to)]
/1+5E72

exp[—(1+ A+B+E7)(t, —t,)]

We will prove that for each solution X(t;t,, ¢, Y, Z,) of (1),
such that
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Jel +v2+2 <5

we have
JX@®) +X2(0) + X2 (t) < cexp[-alt—t,)].
t>t,,
Ifte [tkfl,tk ), k € N, consider the Lyapunov functional
V (t) = X2 (t) + X2 (1) + X"*(t)

+ fr[ I:|e(u —s+ r)|x2(s)ds}du
and V (t) satisfies
() V(t) > x2(t) + x*(t) + X" (t);
@V (1) <0 +x7O+x20)+ X [ [ le(s)dsau

< X2(t) + X2 (t) + X" (t) +% E X,

<@ SO+ 0 +x°0)]
where ||X||t =
(i) V'(t) = 2x(0)X'(t) + 2X () X" (t) + 2X"(£) X" (t)
+[ eu-t+ o du-[ et-9)x(s)ds
= 2X(t)X'(t) + 2X'(t) X" (t) + 2X"(t) {[I
[-cx"(t) —b®)X' (®) —at)x(t—7)]
+f eu-t+ahMdu—[ le(t-s)(s)ds
< 2X(1)X'(t) + 2X'(t)X"(t) + 2c(t) X" ()
+20(OX (X' ())+2]_e(t—u)x(u)x"(t)du

+ t_r|e(u —t+2))()du - | ‘_T|e(t —5)K(s)ds
<)+ x2(0) [+ [e2) + 20|+ 20x ) + Bx2(t) + X2 0)]
+Ecx®u) + X2 ()] + Eac(t)
<[20+ A+ B+ ED)[x3(t) + X2(t) + x"*(t) ]
<[20+A+B+E7)M(t)
solvingV'(t) <[2(1+ A+ B+ E7) ]V (t) , we obtain

V(t) <V (t,)ep[20+ A+ B+E7)(t—t,)]

(10) ifte [to,ti), Integrating the above inequality fromt; to

t,, we obtain

X2 (1) + X2 (1) + X" (t) <V (1)
<V(t,)exp[2(1+ A+ B +E7)(t, —t,)]

< (1+%Erz)mfoo +XP(t) + x"z(to)]exp[2(1+ A+B+E7)(t —t,)]

< (l+%Er)52 exp[2(1+ A+ B+ Ez)(t, - t,)]

<¢’ eXp[_ 2a(t _to)]

< g?exp[-2a(t—1,)]
Therefore

DEM) + X2 () + X2 () < cexpl-alt—t)] telt,t,)

Especially
sup [x (t) + X2(t) + x”z(t)]< g2expl-2a(t, —t, —7)]

t—r<t<t

(20) If t € [t,,t,). by the expression of V (t) , we have
X2 (t) + X2 (t) + X"2(t) <V (1)
<V(t)exp[2l+ A+B+E7)(t-t,)]

<V (t)exp[2(+ A+ B+E7)(t, —t,)]

_ {xZ(t;) FXP()+X() + | IT[ [letu-s+ r)|x2(s)ds}du}
exp[2(l+ A+ B+E7)(t, -t,)]

_ {xzal) X)X () + [ ‘_T[ [leu—s+ r)|x2(s)ds}du}
exp[2(1+ A+ B+E7)(t, -t,)]

L) CE) U] [ U (u-s-+ )¢ s)ds}du}
exp[2(1+ A+ B +E7)(t, -t,)]

{ [x () + X2(E) + X" (E )]+I U e(u—s+7)x° (s)ds}du}

exp[2(1+ A+ B +E7)(t, -t,)]
<d? sup [x2(t)+x2(t) + x"2(1)]

t—r<t<ty

exp[2(L+ A+ B +E7)(t, —t)]

+ sup X (t) E-’exp[2(1+ A+ B+E7)(t, -t,)]

t—r<t<t,

<(d? +%Er ) sup [x (t)+x’2(t)+x”2(t)]

t—7<t<t;
exp[2(1+ A+ B+E7)(t, —1,)]
<(d? +% Er?)e? o[- 2a(t, ~t, - 7))

exp[2(l+ A+B+E7)(t, -t)]
By the definitions of d; and p, , we have
X2 (1) + X2 (1) + X" (t) <V (1)

<&’(d} +% Er®)exp [— 2a(t, —t, — r)]
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exp[2(1+ A+ B+E7)(t, -1,)]
Q+1Ef

=&’ (——2—)ep[-2a(t,~t,-7)]

exp[2(1+ A+ B+E7)(t, —t,)]
<&*pop[-2a(t, —t,—7)]

exp[2(1+ A+ B+E7)(t, —t,)]
=¢? EXP [_ 2a(t, _to)]
<g?exp[-2a(t —t,)]
We obtain fort e [tl,tz),

D) +X2(1) + X2 (1) < eexp|-alt—t,)]

(30) With analogous arguments,we can verify that for all
keN,te [tk_l,tk), k=12---, we have

D) +X2() + X2 () < eexpl-a(t—t,)]
Hence
D) +X2(1) + X2 (1) < eexpl-alt—t,)].
t>t,,
The proof is complete.

4 Examples

Example 4.1. Consider the following equation:
X"(t) +0.33x"(t) — 0.025X'(t) - 0.5x(t) - x(t —0.01) =0, t>0
X(t)=p(t), -001<t<0; X'(0)=y, X'(0)=z,
@)
whose characteristic equation is

A +0.332-0.0251-05-e"" =0
By Mathematica sofeware, we find a characteristic root of
(7) with the positive real part. Hence the non-impulsive
system (7) is unstable.
Consider

A=1 |=7=001 «=1/2, B=C=0.5,and
we can verify that

Az <exp[-2a(l +7)|exp[- 21+ A+ B+C)l]
< exp[— 21+ A+B +C)z-]

Considering the impulses att, , such thatt, —t, ; =0.01and

X(t) = L (x(t)) = dx(t.), X'(t)=J (X)),
= dX(5), X"(6) =U, (x"(t,)) = dX"()

where d = \/eXIO(—O.028) -0.01

unstable system (7) can be exponentially stabilized by
impulses.
Example 4.2. Consider the following equation:

, By Theorem 3.1 the

X"(t) - 0.75x"(t) - x(t - 0.0375) =0, t>0
X(t)=p(t), -0.0375<t<0; x'(0)=y, X'(0)=z,

(®)

whose characteristic equation is

B 0752 - %% =0

By Mathematica sofeware, we find a characteristic root of
(8) with the positive real part. Hence the non-impulsive
system (8) is unstable.

Consider

A=1 1=7=0.0375, a=1/2, C=0.75,and
we can verify that

Az <exp[-2a(l +7)|exp[- 21+ A+ B+C)l]
< exp[— 21+ A+B +C)r]
Considering the impulses att, , such thatt, —t, , =0.0375
and

x(t) = I (x(t, ) = dx(t,),
X' () = 3, (X'(t,)) = dx'(t, ),
X'(t) =U, (X"(t)) = dxX" (L),

whered — \/exp(—0.28125)—0.0375

2

the unstable system (8) can be exponentially stabilized by
impulses.

, By Theorem 3.1
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